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Abstrat
We study separability of salar, vetor and tensor elds in 5-dimensional
Myers-Perry spaetimes with equal angular momenta. In these spaetimes,
there exists enlarged symmetry, U(2) ≃ SU(2) × U(1). Using the group the-
oretial method with a twist, we perform the dimensional redution at the
ation level and show that both vetor and tensor eld equations an be re-
dued to oupled ordinary dierential equations. We reveal the struture of
ouplings between variables. In partiular, we have obtained the deoupled
master equations for zero modes of a vetor eld. The same analysis an be
done for zero modes of a tensor eld. Therefore, our formalism gives a basis
for studying stability of Myers-Perry blak holes.
1 Introdution
Historially, blak holes have played an important role to understand gravity. In the
ase of 4-dimensional Einstein gravity, there exist Kerr blak holes whih are most
general blak holes in the vauum. There are many interesting features of Kerr blak
holes suh as the existene of the horizon, Hawking radiation, and so on. However,
for these properties to be relevant to reality, we have to prove the stability of Kerr
blak holes. Fortunately, it is proved that Kerr blak holes are perturbatively stable.
It should be noted that the tehnique to show the stability is also useful to study
the physis related to blak holes, and hene gravity itself.
Reently, various higher dimensional blak holes have been found motivated by
the development of string theory. A straightforward generalization of Kerr blak
holes to higher dimensions was obtained by Myers and Perry [1℄ many years ago.
These solutions have been further generalized to the ases with osmologial onstant
and NUT parameters [26℄, the so-alled Kerr-NUT-(A)dS spaetimes. Interestingly,
the horizon with non-trivial topology is allowed in higher dimensions. For example,
blak branes, blak rings, et are found [711℄. Needless to say, it is important
to study the stability of these blak holes in order to reveal the nature of higher
dimensional gravity.
To analyze the stability, it is important for eld equations in blak hole spae-
times to be separable and deoupled. The separability is usually assoiated with
spaetime symmetry. For example, onsider the d-dimensional Shwarzshild spae-
time where SO(d− 1) is symmetry of the spaetime. In this ase, elds an be ex-
panded in terms of (d− 2)-dimensional spherial harmonis. Sine these harmonis
onstitute an irreduible representation of SO(d− 1), the equations for eah mode
speied by eigenvalues are separated eah other. In addition, the Shwarzshild
spaetime is stati, hene these equations beome ordinary dierential equations.
In general, sine a tensor eld has omponents, we have to solve oupled ordinary
dierential equations. However, with a wise hoie of variables, eld equations in
Shwarzshild spaetime turn out to be deoupled, namely, we have a single ordi-
nary dierential equation for eah variable. Thus, in the ase of higher dimensional
Shwarzshild blak holes, eld equations with any spin are separable and deou-
pled [1214℄. The suient onditions for deoupling are not transparent ontrary
to the separability.
In the ase of Kerr blak holes, the situation is more ompliated. Beause of
less symmetry, the separability of eld equations is obsure. Nevertheless, the Klein-
Gordon equation in Kerr spaetime turns out to be separable. For vetor and tensor
elds, no one had expeted the same mirale. However, Teukolsky showed, in the null
tetrad formalism, all of tensor eld equations an be separable and deoupled [15℄.
This result is highly non-trivial. In fat, the symmetry behind the separability of
elds in Kerr spaetime is not apparent.
For higher dimensional rotating blak hole spaetimes, there are many works
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onerning the separability of geodesi Hamilton-Jaobi equations and Klein-Gordon
equations. It turns out that these equations in Kerr-NUT-(A)dS spaetimes are
separable beause of the existene of a rank-2 losed onformal Killing-Yano tensor
[1623℄. It is also shown that Kerr-NUT-(A)dS spaetimes are unique spaetimes
whih an aommodate a rank-2 losed onformal Killing-Yano tensor [24℄.
The separability for vetor and tensor eld equations in higher dimensional rotat-
ing blak holes has not been well understood in ontrast to the geodesi Hamilton-
Jaobi equations and Klein-Gordon equations. In the ase of Myers-Perry blak
holes with equal angular momenta and dimensions higher than 6, it is shown that
speial omponents of a tensor eld is separable and deoupled [25℄. However, there
was no separability analysis for general omponents even in those ases. In par-
tiular, to our best knowledge, there is no work on the separability of vetor and
tensor eld equations in 5-dimensional Myers-Perry blak holes. Here, we should
stress that the issue of the separability is generally dierent from the issue of the
deoupling. In the ase of geodesi Hamilton-Jaobi and Klein-Gordon equations,
the issue of deoupling is trivial. When we onsider vetor and tensor elds, we have
to disriminate between separability and deoupling.
In this paper, as a rst step to study the stability of higher dimensional blak
holes, we study the separability of eld equations in 5-dimensional Myers-Perry
blak holes with equal angular momenta. First of all, we should reall that there is
U(1)×U(1) symmetry in general 5-dimensional Myers-Perry blak holes. The point
is that, for equal angular momenta, the symmetry enhanes to U(2) ≃ SU(2)×U(1).
Using this enhaned symmetry and Hu's group theoretial method invented in the
osmologial ontext [2628℄ with an important twist, we will show separability of
salar, vetor and tensor elds. We do not insist this is a mirale like the Kerr ase.
Rather, this is a onsequene of the enhaned symmetry of the geometry. However,
in the oordinate basis, this separability is not apparent. In this sense, the similarity
exists between our analysis and that of Teukolsky. It should be stressed that it is
important to give a onrete analysis even in this speial ase. Our work gives a
basis for this diretion.
The organization of this paper is as follows. In Se.2, degenerate Myers-Perry
blak holes, i.e., 5-dimensional Myers-Perry blak holes with equal angular momenta
are reviewed. In partiular, the symmetry of the spaetime is disussed. In Se.3,
we rst review the group theoretial method proposed by Hu [26℄. It is shown that
Wigner funtions onstitute irreduible representations of the spaetime symmetry.
Next, we add a twist to Hu's method whih allows us to prove the separability of
eld equations in degenerate Myers-Perry blak holes. In Se.4, the separability of
a salar eld is shown. Although the result itself is well known [16℄, we rederive
it using the group theoretial method. In Se.5, the separability of a vetor eld
is proved. There, it turns out that the group theoretial method with the twist
is essential. We also reveal the struture of ouplings between variables. In the
subsetion, we demonstrate the deoupling of equations for zero modes of a vetor.
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The master equations for physial variables are obtained expliitly. In Se.6, the
separability of a tensor eld is shown. The result is important for the analysis of
the stability of degenerate Myers-Perry blak holes. The nal setion is devoted to
disussions.
2 Degenerate Myers-Perry blak hole spaetimes
In this setion, we introdue degenerate Myers-Perry blak holes and larify the
symmetry of the spaetime.
Let us start with the 5-dimensional Myers-Perry blak hole
ds2 = −dt2 + Σ
∆
dr2 +
Σ
r2
dθ21 +
(
r2 + a2
)
sin2 θ1dφ
2
1 +
(
r2 + b2
)
cos2 θ1dφ
2
2
+
mr2
Σ
(dt+ a sin2 θ1dφ1 + b cos
2 θ1dφ2)
2 , (1)
where
Σ = r2
(
r2 + a2 cos2 θ1 + b
2 sin2 θ1
)
, ∆ = (r2 + a2)(r2 + b2)−mr2 , (2)
and oordinate ranges are 0 ≤ θ1 < π/2, 0 ≤ φ1 < 2π, 0 ≤ φ2 < 2π. This
solution desribes a general rotating blak hole in 5-dimensions. Parameters a and
b haraterize the rotation of the blak hole.
Now, we onsider the 5-dimensional Myers-Perry blak hole with equal angular
momenta a = b. We all the resulting solution the degenerate Myers-Perry blak
hole. Let us dene new oordinates θ = 2θ1 φ = φ2 − φ1 and ψ = φ1 + φ2. Then,
the metri is given by
ds2 = −dt2 + Σ
∆
dr2 +
r2 + a2
4
{
(σ1)2 + (σ2)2 + (σ3)2
}
+
m
r2 + a2
(dt+
a
2
σ3)2 , (3)
where Σ and ∆ redue to
Σ = r2(r2 + a2) , ∆ = (r2 + a2)2 −mr2 . (4)
Here, we have dened the invariant forms σa (a = 1, 2, 3) of SU(2) as
σ1 = − sinψdθ + cosψ sin θdφ ,
σ2 = cosψdθ + sinψ sin θdφ ,
σ3 = dψ + cos θdφ ,
(5)
where 0 ≤ θ < π, 0 ≤ φ < 2π, 0 ≤ ψ < 4π. It is easy to hek the relation
dσa = 1/2ǫabcσb ∧ σc.
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Apparently, the metri (3) has the SU(2) symmetry haraterized by Killing
vetors ξα , (α = x, y, z):
ξx = cosφ∂θ +
sinφ
sin θ
∂ψ − cos θ sinφ∂φ ,
ξy = − sinφ∂θ + cos φ
sin θ
∂ψ − cot θ cosφ∂φ ,
ξz = ∂φ .
(6)
The symmetry an be expliitly shown by using the relation Lξασa = 0, where Lξα
is a Lie derivative along the urve generated by the vetor eld ξα. The dual vetors
of σa are given by
e1 = − sinψ∂θ + cosψ
sin θ
∂φ − cot θ cosψ∂ψ ,
e2 = cosψ∂θ +
sinψ
sin θ
∂φ − cot θ sinψ∂ψ ,
e3 = ∂ψ ,
(7)
and, by denition, they satisfy σai e
i
b = δ
a
b .
From the metri (3), we an also read o the additional U(1) symmetry, whih
keeps the part of the metri, σ21+σ
2
2 . Thus, the symmetry of 5-dimensional degener-
ate Myers-Perry blak hole beomes SU(2)×U(1) ≃ U(2) 1. The Killing vetors for
the symmetry are e3, ξx, ξy, ξz, where e3 is a generator of U(1) and ξα (α = x, y, z)
are generators of SU(2). We will show the separability of eld equations fousing
on the symmetry.
For later alulations, it is onvenient to dene the new invariant forms
σ± =
1
2
(σ1 ∓ iσ2) . (8)
Here, we should notie the fat
Lie3σ± = i∂ψσ± = ±σ± . (9)
The dual vetors for σ± are
e± = e1 ± ie2 . (10)
By making use of these forms, the metri (3) an be rewritten as
ds2 = −dt2 + Σ
∆
dr2 +
r2 + a2
4
{4σ+σ− + (σ3)2}+ m
r2 + a2
(dt+
a
2
σ3)2 . (11)
1
The spaetime (3) also has time translation symmetry generated by ∂/∂t. Due to this sym-
metry, we an separate the time dependene of elds as ∝ e−iωt. However, this is obvious and we
will not pay muh attention to this symmetry hereafter.
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3 Group Theoretial Method with a Twist
When we onsider elds in the degenerate Myers-Perry spaetime (3), it is important
to use a ontrived expansion of elds with fousing the symmetry group, SU(2) ×
U(1). By doing so, we an show that any eld equation in the degenerate Myers-
Perry spaetime an be separable. In this setion, we rst onstrut the irreduible
representation of SU(2) × U(1) whih is indispensable for the group theoretial
method. Next, we explain our group theoretial method with a twist used in this
paper to show the separability. It is the twist that allows us to prove the separability
of eld equations in the degenerate Myers-Perry spaetime.
Let us dene two kind of angular momentum operators
Lα = iξα , Wa = iea . (12)
where α, β, · · · = x, y, z and a, b, · · · = 1, 2, 3. They satisfy ommutation relations
[Lα, Lβ] = iǫαβγLγ , (13)
and
[Wa,Wb] = −iǫabcWc . (14)
They also ommute eah other [Lα,Wa] = 0. The symmetry group, SU(2) × U(1)
are generated by Lα and W3. Note that L
2 ≡ L2α = W 2a .
Let us onstrut the representation of U(2) ≃ SU(2)×U(1). The eigenfuntions
of L2 degenerate, but an be ompletely speied by eigenvalues of other operators
Lz and W3. The eigenfuntions are alled Wigner funtions dened by
L2DJKM = J(J + 1)D
J
KM , (15)
LzD
J
KM = MD
J
KM , (16)
W3D
J
KM = KD
J
KM , (17)
where J,K,M are integers satisfying J ≥ 0, |K| ≤ J, |M | ≤ J . From Eqs. (15), (16)
and (17), we see thatDJKM onstitute the irreduible representation of SU(2)×U(1).
The Wigner funtions are funtions of (θ, φ, ψ) and satisfy the orthonormal relation∫ pi
0
dθ
∫ 2pi
0
dϕ
∫ 4pi
0
dψ sin θ DJKM(x
i)DJ
′ ∗
K ′M ′(x
i) = δJJ ′δKK ′δMM ′ . (18)
The following relations are useful for later alulations
W+D
J
KM = iǫKD
J
K−1,M , W−D
J
KM = −iǫK+1DJK+1,M , W3DJKM = KDJKM ,
(19)
where we have dened W± = W1 ± iW2 and ǫK =
√
(J +K)(J −K + 1). In a
dierent notation, we have the following relations
∂+D
J
KM = ǫKD
J
K−1,M ,
∂−D
J
KM = −ǫK+1DJK+1,M ,
∂3D
J
KM = −iKDJKM ,
(20)
5
where we have dened ∂± ≡ ei±∂i and ∂3 ≡ ei3∂i.
Now, we are in a position to explain our approah to the analysis of separability
of eld equations in degenerate Myers-Perry blak holes. More than thirty years ago,
Hu advoated the group theoretial method to study the dynamis of elds in the
Bianhi type IX universe [26℄. In the ontext of the Bianhi type IX osmology, the
expansion in terms of the Wigner funtions has been used to give a set of ordinary
equations where modes with dierent eigenvalue K ouple in general. The group
theoretial method is also extended to other Bianhi type models (for instane,
see [27℄ and referene therein ). It is our strategy to apply the group theoretial
method to degenerate Myers-Perry blak holes. To do so, a twist is neessary. The
point is that the degenerate Myers-Perry solution has the additional isometry W3.
Hene, modes with dierent K should not mix eah other. As we will see soon,
the salar eld is automatially separable beause of this reason. For vetor and
tensor elds, we have to use the expansion in terms of the invariant basis σa in
addition to the expansion in terms of the Wigner funtions DJKM . For example,
when a vetor Bi is given, we have to expand as Bi = σ
a
iBa. Then, we an expand
Ba in terms of the Wigner funtion. Here, we need to take into aount the fat
that the invariant forms σ± arry the harge ±1 for W3 as is shown in Eq. (9). For
example, σ+i D
J
K−1,M has the eigenvalue K for W3. Therefore, when we onsider the
eigenspae haraterized by K, the orret expansion should be
Bi(t, r, θ, φ, ψ) = σ
+
i (θ, φ, ψ)
∑
JKM
BJKM+ (t, r)D
J
K−1,M(θ, φ, ψ)
+σ−i (θ, φ, ψ)
∑
JKM
BJKM− (t, r)D
J
K+1,M(θ, φ, ψ)
+σ3i (θ, φ, ψ)
∑
JKM
BJKM3 (t, r)D
J
K,M(θ, φ, ψ) , (21)
where the dependene on the oordinates is expliitly written. The twist we used
is to shift eigenvalues K omponent by omponent. One we properly perform the
expansion as is explained above, any eld equation in the degenerate 5-dimensional
Myers-Perry blak holes will be separable. This is our main laim.
Thus, in the group theoretial expansion method, we need to onsider elds in
the tetrad basis. Moreover, we need a ontrived expansion (21). In this sense, the
method is very similar to the Teukolsky formalism. Of ourse, the deoupling of
equations is not guaranteed in general.
4 Separability of salar elds
The separability of a salar eld in this spaetime (3) has been shown in [16℄. How-
ever, we will show the separability of the salar eld again with fousing on the
spaetime symmetry SU(2) × U(1). We will show the separability at the ation
6
level. This simplify the alulation. The result will be useful when we quantize the
eld.
The ation for a massive salar eld is given by
S = −1
2
∫
d5x
√−g [(∂φ)2 + µ2φ2] , (22)
where gµν is the metri of the Myers-Perry blak hole and µ is the mass of the salar
eld. Now, we transform basis vetors (∂θ, ∂φ, ∂ψ) to (e±, e3). Then, the ation for
the salar eld beomes
S = −1
2
∫
d5x
√−g [gAB∂Aφ∂Bφ+ 2gAa∂Aφ∂aφ+ gab∂aφ∂bφ+ µ2φ2] . (23)
where A,B · · · = t, r, gAa ≡ gAiσai , gab ≡ gijσai σbj and ∂a ≡ eia∂i. The inverse metri
in this frame reads
gtt = −(r
2 + a2)2 +ma2
∆
, grr =
∆
Σ
, gt3 =
2ma
∆
,
g33 =
4(r2 + a2 −m)
∆
, g+− =
2
r2 + a2
. (24)
We expand the salar eld φ by Wigner funtions as,
φ(xµ) =
∑
JKM
φJKM(xA)DJKM(x
i) =
∑
JKM
φ∗JKM(xA)D∗JKM(x
i) . (25)
Substituting the expansion (25) into the ation (22), we an arry out (θ, ϕ, ψ)
integration and the ation beomes
S =− 1
16
∫
dtdr
Σ
r
∑
K
[
− (r
2 + a2)2 +ma2
∆
|φ˙K |2 + ∆
Σ
|φK ′|2
+
{
4(J(J + 1)∆−K2ma2)
∆(r2 + a2)
+ µ2
}
|φK |2 + 2iKma
∆
(φ˙KφK∗ − φ˙K∗φK)
]
.
(26)
where a dot and a prime denote the derivative with respet to t and r, respetively.
From Eq. (20), we see the operations of ∂±, ∂3 shift the eigenvalue K of Wigner
funtions, but leave J and M invariant. Therefore, we have omitted the index J
and M in the above ation. We will omit J and M hereafter. It is remarkable that
eah mode with eigenvalues J and M is separated in the ation (26) beause of
SU(2) symmetry, and eah mode speied by K is also separated beause of U(1)
symmetry.
5 Separability of vetor elds
We onsider a vetor eld in the bakground metri (3). In the oordinate basis,
it is diult to see the separability of eld equations in ontrast to the salar eld.
Hene, the group theoretial method plays an essential role here.
7
The ation for the vetor eld is given by
S = −1
4
∫
d5x
√−g FµνF µν . (27)
where Fµν = ∂µAν − ∂νAµ is the eld strength. Let us expand the vetor eld Aµ in
terms of invariant forms and Wigner funtions. First, onsider omponents At(x
µ)
and Ar(x
µ), whih are salar under the general ovariant transformation of θ, ϕ, ψ
part. The expansion by the Wigner funtions gives
At(x
µ) =
∑
K
AKt (x
A)DK(x
i) , Ar(x
µ) =
∑
K
AKr (x
A)DK(x
i) . (28)
Other omponents Ai(x
µ) (i, j · · · = θ, ϕ, ψ), behave as a vetor under the general
oordinate transformation of θ, ϕ, ψ part. We need to nd a basis whih satises
L2Dai,K = J(J + 1)D
a
i,K ,
LzD
a
i,K = MD
a
i,K ,
W3D
a
i,K = KD
a
i,K ,
(29)
where operations are dened by Lie derivatives, that is WaD
b
i,K ≡ LWaDbi,K and
LαD
a
i,K ≡ LLαDai,K . From Eq. (29), we see that Dai,K onstitute the irreduible
representation of SU(2)×U(1). Taking into aount the property (9), we nd Dai,K
an be dened by
D+i,K = σ
+
i DK−1 (|K − 1| ≤ J) ,
D−i,K = σ
−
i DK+1 (|K + 1| ≤ J) ,
D3i,K = σ
3
iDK (|K| ≤ J) .
(30)
This is nothing but the general rule (21). Using the basis (30), the eld an be
expanded as
Ai(x
µ) =
∑
K
AKa (x
A)Dai,K(x
i) . (31)
Substituting the expansions (28) and (31) into the ation (27), we obtain the
dimensionally redued ation. However, it is more onvenient to transform basis
vetors (∂θ, ∂φ, ∂ψ) to (e±, e3) and hange the omponents as
Aa ≡ Aieia . (32)
It is easy to write down the expansion of Aa in terms of Wigner funtions:
A+(x
µ) =
∑
K
AK+ (t, r)DK−1(x
i) ,
A−(x
µ) =
∑
K
AK− (t, r)DK+1(x
i) ,
A3(x
µ) =
∑
K
AK3 (t, r)DK(x
i) .
(33)
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Notie that AK+ , A
K
− and A
K
3 are dened for |K − 1| ≤ J , |K +1| ≤ J and |K| ≤ J ,
respetively. We also dene
FAa ≡ FAieia = ∂AAa − ∂aAA ,
Fab ≡ Fijeiaejb = DaAb −DbAa ,
(34)
where we have dened the ovariant derivative
DaAb = ∂aAb − ωcabAc , ωcab = (ei[a∂|i|ejb])σcj . (35)
The expliit values of ωcab are given by
ω3+− = −ω3−+ = i , ω++3 = −ω+3+ = −
i
2
, ω−−3 = −ω−3− =
i
2
, (36)
and other omponents vanish. In the tetrad basis, the ation for the vetor eld
beomes
S = −1
4
∫
d5x
√−g [gABgCDFACFBD + 4gABgCaFACFBa + 2gAagBbFABFab
+ 2gABgabFAaFBb − 2gAagBbFAbFBa + 4gAagbcFAbFac + gabgcdFacFbd] , (37)
where gAa ≡ gAiσai and gab ≡ gijσai σbj . Substituting Eq. (33) and (34) into Eq. (37),
we get the eetive 2-dimensional ation for the vetor eld in Myers-Perry blak
hole spaetime:
S =− 1
8
∫
dtdr
∑
K
[
− (r
2 + a2)2 +ma2
2r
|A˙Kr − AKt ′|2
− 2ma
r
Re
{
(A˙Kr − AKt ′)(AK3 ′ + iKAKr )∗
}
+
∆
r(r2 + a2)
(|AK+ ′ − ǫKAKr |2 + |AK− ′ + ǫK+1AKr |2)
+
2(r2 + a2 −m)
r
|AK3 ′ + iKAKr |2
− r{(r
2 + a2)2 +ma2}
∆
(|A˙K+ − ǫKAKt |2 + |A˙K− + ǫK+1AKt |2)
− 2r(r
2 + a2)2
∆
|A˙K3 + iKAKt |2
− 4mar
∆
Re
{
(A˙K+ − ǫKAKt )(ǫKAK3 + iKAK+ )∗
+ (A˙K− + ǫK+1A
K
t )(−ǫK+1AK3 + iKAK− )∗
}
+
2r
r2 + a2
|ǫK+1AK− + ǫKAK+ − 2iAK3 |2
+
4r(r2 + a2 −m)
∆
(|ǫKAK3 + iKAK+ |2 + | − ǫK+1AK3 + iKAK− |2)
]
.
(38)
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Beause of U(2) symmetry, the equations for eah mode speied by J,K,M are
separated eah other.
From the ation (38), we an read o the struture of the ouplings between
variables. For example, it is easy to see A± of the zero modes are deoupled. The
struture of the oupling an be displayed as follows:
J = 0
A+ A− A3, At, Ar
K = 1
K = 0
K = −1
In the above hart, variables in eah row an ouple to eah other. Apparently, A±
are deoupled. We will present the zero mode analysis in the next subsetion. From
the ation, we an also read o the ouplings between variables for J = 1.
J = 1
A+ A− A3, At, Ar
K = 2
K = 1 K = 1
K = 0 K = 0 K = 0
K = −1 K = −1
K = −2
As one an see, the highest modes are always deoupled. We an ontinue these
exerises for higher modes. The similar rule also applies to tensor elds.
5.1 Zero modes of Vetor Field
In this subsetion, we study the zero modes J = 0 of the vetor eld. As we will
see soon, we have deoupled master equations for the vetor zero modes. This fat
indiates the deoupling of other modes, although we ould not prove it.
In this ase, we need to onsider only A0t , A
0
r, A
1
+, A
−1
− , A
0
3. Putting J = M =
0, K = ±1 in the ation (38), we see A±1± are deoupled from other omponents.
Thus, ignoring other omponents, we get the ation for A±1± ,
S =
1
8
∫
dtdr
[
r{(r2 + a2)2 +ma2}
∆
|A˙±1± |2 −
∆
r(r2 + a2)
|A±1± ′|2
∓ 2imar
∆
(A˙±1± A
±1
±
∗ − A˙±1± ∗A±1± )−
4r(r2 + a2 −m)
∆
|A±1± |2
]
. (39)
Equations of motion derived from the above ation (39) are(
∆
r(r2 + a2)
A±1±
′
)′
+
r
∆
[
ω2{(r2 + a2)2 +ma2} ∓ 4ωma− 4(r2 + a2 −m)]A±1± = 0 ,
(40)
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where the time dependene is separated by moving on to the Fourier spae, A±(t, r) =
e−iωtA±(r). Now, we introdue a tortoise like oordinate y∗ by
dy∗ ≡ r(r
2 + a2)
∆
dr . (41)
Then, the equations of motions (40) an be redued to the Shrödinger type:
− d
2
dy2∗
A± + V±(r)A± = 0 , (42)
where the eetive potentials read
V±(r) =
1
r2 + a2
[
4(r2 + a2 −m)− ω2{(r2 + a2)2 +ma2} ± 4ωma] . (43)
The physial degrees of freedom of the massless vetor in 5-dimensions are three.
Hene, we should have another wave equation. To extrat the single equation from
those for A0t , A
0
r and A
0
3, we put J = M = K = 0 in the ation (38). Then the
ation for A0t , A
0
r and A
0
3 beomes
S =
1
8
∫
dtdr
[
(r2 + a2)2 +ma2
2r
|A˙0r −A0t ′|2 −
2ma
r
Re{(A˙0r − A0t ′)A03′∗}
+
2r(r2 + a2)2
∆
|A˙03|2 −
2(r2 + a2 −m)
r
|A03′|2 −
8r
r2 + a2
|A03|2
]
. (44)
Now, we have to reall the gauge symmetry
A0t (t, r)→ A0t (t, r)− ∂tα(t, r) ,
A0r(t, r)→ A0r(t, r)− ∂rα(t, r) ,
(45)
where α(t, r) is an arbitrary funtion. Beause of this gauge freedom and a onstraint
equation, there remains only one physial degree of freedom in the ation (44) whih
satises a single master equation. Let us show this expliitly. Equations of motion
derived from the ation (44) are
(
(r2 + a2)2 +ma2
2r
(−iωA0r − A0t ′)
)′
−
(ma
r
A03
′
)′
= 0 , (46)
(r2 + a2)2 +ma2
2r
(−iωA0r − A0t ′)−
ma
r
A03
′ = 0 , (47)
(ma
r
(−iωA0r −A0t ′)
)′
+
(
2(r2 + a2 −m)
r
A03
′
)′
+ 2r
(
ω2(r2 + a2)2
∆
− 4
r2 + a2
)
A03 = 0 , (48)
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where the time dependene is separated in the Fourier spae. Eq. (46) is nothing but
the r derivative of Eq. (47). From Eqs. (47) and (48), we an eliminate −iωA0r−A0t ′
to get the master equation for A03:(
(r2 + a2)∆
r{(r2 + a2)2 +ma2}A
0
3
′
)′
+ r
(
ω2(r2 + a2)2
∆
− 4
r2 + a2
)
A03 = 0 . (49)
Using another tortoise like oordinate
dw∗ ≡ r{(r
2 + a2)2 +ma2}
(r2 + a2)∆
dr , (50)
we again get the Shrödinger type equation
− d
2
dw2∗
A03 + V3(r)A
0
3 = 0 , (51)
where the eetive potential reads
V3(r) =
(r2 + a2)∆
(r2 + a2)2 +ma2
(
4
r2 + a2
− ω
2(r2 + a2)2
∆
)
. (52)
Thus, it turns out that equations for zero modes J = 0 redue to the deoupled
ordinary dierential equations (42) and (51).
6 Separability of tensor elds
In this setion, we disuss the separability of a tensor eld hµν in the spaetime (3).
The result is relevant to the stability analysis of degenerate Myers-Perry blak holes.
We will use units 16πG5 = 1 in this setion.
The ation for the tensor eld is
S =
1
4
∫
d5x
√−g [−∇µhνρ∇µhνρ +∇µh∇µh
+ 2∇µhνρ∇νhρµ − 2∇µhµν∇νh] , (53)
where ∇µ denotes the ovariant derivative with respet to gµν and we have dened
h = gµνhµν . The tensor eld hµν an be lassied into hAB, hAi and hij , whih
behave as salar, vetor and tensor under the general oordinate transformation of
θ, ϕ, ψ part, respetively. We already know how to expand the vetor. As to the
tensor, we need the basis Dabij,K whih satisfy
L2Dabij,K = J(J + 1)D
ab
ij,K ,
LzD
ab
ij,K = MD
ab
ij,K ,
W3D
ab
ij,K = KD
ab
ij,K ,
(54)
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where operations are dened by Lie derivatives, that is WaD
b
ij,K ≡ LWaDbij,K and
LαD
a
ij,K ≡ LLαDaij,K. From Eq. (54), we see that Daij,K onstitute the irreduible
representation of SU(2) × U(1). The general rule (21) tells us that Dabij,K an be
dened by
D++ij,K = σ
+
i σ
+
j DK−2 (|K − 2| ≤ J) ,
D+−ij,K = σ
+
i σ
−
j DK (|K| ≤ J) ,
D+3ij,K = σ
+
i σ
3
jDK−1 (|K − 1| ≤ J) ,
D−−ij,K = σ
−
i σ
−
j DK+2 (|K + 2| ≤ J) ,
D−3ij,K = σ
−
i σ
3
jDK+1 (|K + 1| ≤ J) ,
D33ij,K = σ
3
i σ
3
jDK (|K| ≤ J) .
(55)
Here, again, we have taken into aount the property (9) so that the basis satisfy
the relations (54). Thus, we an expand the tensor eld as
hAB(x
µ) =
∑
K
hKAB(t, r)DK(x
i) ,
hAi(x
µ) =
∑
K
hKAa(t, r)D
a
i,K(x
i) ,
hij(x
µ) =
∑
K
hKab(t, r)D
ab
ij,K(x
i) .
(56)
If we substitute Eq. (56) into the ation (53), we an get the ation for eah mode
labelled by J , M , K. With the same reason as salar and vetor elds, eah eigen
mode are separated from others. Thus, the eld equation for the tensor eld is
separable. Unfortunately, the result is messy and not so illuminated. Hene, we
refrain from displaying it. We just note that, as is expeted from the experiene of
the vetor eld, we found some of the master equations for zero modes of the tensor
eld. We hope to report our stability analysis of degenerate Myers-Perry blak holes
in a separated paper [29℄.
7 Disussion
We have shown the separability of salar, vetor and tensor elds in the 5-dimensional
Myers-Perry spaetime with equal angular momenta. This spaetime has the en-
larged symmetry U(2) ≃ SU(2) × U(1). We have foused on this symmetry and
utilized the group theoretial method with the twist. More preisely, the elds are
expanded by the invariant forms and the irreduible representation of this symmetry
with a shift of eigenvalues K omponent by omponent. As the result, eah mode
speied by eigenvalues has been separated eah other in the ation. The struture
of ouplings in the ation is laried. Most importantly, we have shown the existene
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of the master equation for zero modes of vetor and tensor elds. In priniple, we
an extend our analysis to higher dimensional rotating blak holes by generalizing
Wigner funtions. Of ourse, Kerr-AdS-NUT blak holes an be investigated with
the same strategy. It is also intriguing to relate our approah to the Killing-Yano
tensor.
The most important appliation of our results is to analyze the stability of ro-
tating blak holes. In the ase of Kerr-AdS blak holes, the existene of superradi-
ant instability was disussed qualitatively based on AdS/CFT orrespondene [30℄.
This instability was investigated by using the gravitational perturbation in (2N+5)-
dimensional Kerr-AdS blak holes (N ≥ 1) with equal (N+2) angular momenta [25℄.
In the ase of Myers-Perry blak holes, suh a superradiant instability has not been
found. Instead, it has been argued that Myers-Perry blak holes with suiently
large angular momenta are unstable [31℄. Sine we have master equations for zero
modes, we will be able to analyze the stability of degenerate Myers-Perry blak
holes.
There are other 5-dimensional blak holes whih have U(2) symmetry. Our
analysis an be appliable to these blak holes immediately. One of them is a
squashed blak hole [32℄. This blak hole looks like the 5-dimensional blak hole
in the viinity of the horizon, however, the spaetime far from the blak hole is
loally that of the blak string. It is well known that there exists Gregory-Laamme
instability [33℄ in the blak string. On the other hand, 5-dimensional Shwarzshild
blak holes are stable. Therefore, it is interesting to study the stability of squashed
blak holes.
It is also interesting to apply our method to tori Sasaki-Einstein manifold Y p,q
parametrized by two positive integers p, q (p > q). The metri is given by
ds2 =
1− y
6
[
(σ1)2 + (σ2)2
]
+
dy2
w(y)q(y)
+
q(y)
9
(σ3)2 + w(y)
[
dα + f(y)σ3
]2
, (57)
where
w(y) =
2(b− y2)
1− y , q(y) =
b− 3y2 + 2y3
b− y2 , f(y) =
b− 2y + y2
6(b− y2) ,
b =
1
2
− p
2 − 3q2
4p3
√
4p2 − 3q2 . (58)
The oordinates have the following range:
y1 ≤ y ≤ y2 , 0 ≤ θ ≤ π , 0 ≤ φ ≤ 2π , 0 ≤ ψ ≤ 2π , 0 ≤ α ≤ 2πℓ , (59)
where
y1,2 =
1
4p
(
2p∓ 3q −
√
4p2 − 3q2
)
, ℓ =
q
3q2 − 2p2 + p
√
4p2 − 3q2 . (60)
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The point is that the symmetry of this manifold is nothing but U(2). Hene, the
method we have explained in this paper an be appliable. The spetrum of a salar
Laplaian in this manifold have been already studied in [34℄. However, the spetrum
of vetor and tensor Laplaians have not been examined yet and an be investigated
using our method. It would be important for the AdS/CFT orrespondene.
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